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In this paper we consider the p(x)-Kirchhoff-type equation in RN of the form⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
a
( ∫
RN
|∇u|p(x) + |u|p(x)
p(x)
dx
)(−p(x)u + |u|p(x)−2u)= Q (x) f (u),
u  0, x ∈ RN ,
u(x) → 0, as |x| → +∞,
where 1 < p(x) < N for x ∈ RN , Q : RN → R+ is a radial potential, f : [0,+∞) → R is
a continuous nonlinearity which oscillates near the origin or at inﬁnity and a is allowed to
be singular at zero. By means of a direct variational method and the principle of symmetric
criticality for non-smooth Szulkin-type functionals, the existence of inﬁnitely many radially
symmetric solutions of the problem is established. Meanwhile, the sequence of solutions in
L∞-norm tends to 0 (resp., to +∞) whenever f oscillates at the origin (resp., at inﬁnity).
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
A model of the form
ρ
∂2u
∂t2
−
(
P0
h
+ E
2L
L∫
0
∣∣∣∣∂u∂x
∣∣∣∣2 dx
)
∂2u
∂x2
= 0 (1.1)
has been ﬁrstly investigated by Kirchhoff (see [1]). Its distinguishing feature is that the equation contains a nonlocal coeﬃ-
cient ( P0h + E2L
∫ L
0 | ∂u∂x |2 dx) which depends on the average 12L
∫ L
0 | ∂u∂x |2 dx of the Kinetic energy 12L | ∂u∂x |2 on [0, L], and Eq. (1.1)
is no longer a pointwise identity. After Kirchhoff’s work, the various models of Kirchhoff-type have been studied by many
authors, we refer to [2–9]. Meanwhile, in the study of various Kirchhoff-type problems various nonlocal coeﬃcients are pro-
posed, for the physical and biological meaning of the nonlocal coeﬃcients we refer the reader to [4,9–11] and the references
therein.
The purpose of the present paper to study the existence of inﬁnitely many radially symmetric solutions of the p(x)-
Kirchhoff-type equation of the form
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a
( ∫
RN
|∇u|p(x) + |u|p(x)
p(x)
dx
)(−p(x)u + |u|p(x)−2u)= Q (x) f (u),
u  0, x ∈ RN ,
u(x) → 0, as |x| → +∞,
(P0)
where 1 < p(x) < N for x ∈ RN , Q : RN → R+ is a radial potential, f : [0,+∞) → R is a continuous nonlinearity which
oscillates near the origin or at inﬁnity and a is allowed to be singular at zero. By means of a direct variational method
and the principle of symmetric criticality for non-smooth Szulkin-type functionals, we obtain the inﬁnitely many radially
symmetric solutions of problem (P0). Meanwhile, the sequence of solutions in L∞-norm tends to 0 (resp., to +∞) whenever
f oscillates at the origin (resp., at inﬁnity).
The problem studied in the present paper involves a variable exponent. The variable exponent problems have been
studied by many authors in recent years. We refer the reader to [12–14] for a survey of this area and to [15,16] for the
application background of variable exponent problems. In Section 2, we recall some basic facts on the variable exponent
Lebesgue and Sobolev spaces.
At last, we prove a lemma which is needed and give main theorems of this paper and their proofs.
2. Variable exponent spaces
Let Ω ⊂ RN (N  2) be an open set, set
L∞+ (Ω) =
{
p ∈ L∞(Ω): ess inf
Ω
p(x) 1
}
.
For p ∈ L∞+ (Ω), let
p−(Ω) = ess inf
x∈Ω p(x), p
+(Ω) = ess sup
x∈Ω
p(x).
Denote by S(Ω) the set of all measurable real functions deﬁned on Ω , two measurable functions are considered as the
same element of S(Ω) when they are equal almost everywhere.
For p ∈ L∞+ (Ω), deﬁne
Lp(x)(Ω) =
{
u ∈ S(Ω):
∫
Ω
|u|p(x) dx< ∞
}
,
with the norm
|u|Lp(x)(Ω) = |u|p(x) = inf
{
λ > 0:
∫
Ω
∣∣∣∣uλ
∣∣∣∣p(x) dx 1},
and
W 1,p(x)(Ω) = {u ∈ Lp(x)(Ω): |∇u| ∈ Lp(x)(Ω)},
with the norm
‖u‖W 1,p(x)(Ω) = |u|Lp(x)(Ω) + |∇u|Lp(x)(Ω).
On some basic properties of the space W 1,p(x)(Ω), we may refer to [17–20]. Here we always assume that 1 < p− 
p+ < N .
Proposition 2.1. (See [18,20].) The spaces Lp(x)(Ω), W 1,p(x)(Ω) are all separable and reﬂexive Banach spaces.
Proposition 2.2. (See [17].) Set I(u) = ∫
Ω
(|∇u(x)|p(x) + |u(x)|p(x))dx. If u, uk ∈ W 1,p(x)(Ω), then:
(1) For u = 0, ‖u‖ = λ ⇔ I( u
λ
) = 1.
(2) ‖u‖ < 1(= 1;> 1) ⇔ I(u) < 1(= 1;> 1).
(3) If ‖u‖ > 1, then ‖u‖p−  I(u) ‖u‖p+ .
(4) If ‖u‖ < 1, then ‖u‖p+  I(u) ‖u‖p− .
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(6) limk→∞ ‖uk‖ = ∞ ⇔ limk→∞ I(uk) = ∞.
Proposition 2.3. (See [18,20].) The conjugate space of Lp(x)(Ω) is Lp
′(x)(Ω), where 1p(x) + 1p′(x) = 1. Furthermore, for f ∈ Lp(x)(Ω),
g ∈ Lp′(x)(Ω), we have the inequality∣∣∣∣ ∫
Ω
f · g dx
∣∣∣∣ 2| f |p(x)|g|p′(x).
Proposition 2.4. (See [19].) Suppose that p : RN → R is a uniformly continuous and radially symmetric function satisfying
1< p− := ess inf
x∈RN
p(x) p+ := ess sup
x∈RN
p(x) < N.
Then, for any measurable function α : RN → R with
p(x)  α(x)  p∗(x), ∀x ∈ RN ,
there is a compact imbedding
W 1,p(x)r
(
RN
)
↪→ Lα(x)(RN),
where
W 1,p(x)r
(
RN
)= {u ∈ W 1,p(x)(RN): u is radially symmetric},
α(x)  p∗(x) denotes inf
x∈RN
(
p∗(x) − α(x))> 0, ∀x ∈ RN .
3. Main results
Throughout this paper, we always assume that p : RN → R is uniformly continuous and write X = W 1,p(x)(RN ), c and ci
are positive constants, i = 1,2.
Firstly we consider the generic problem⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
a
( ∫
RN
|∇u|p(x) + |u|p(x)
p(x)
dx
)(−p(x)u + |u|p(x)−2u)= Q (x)h(u),
u  0, x ∈ RN ,
u(x) → 0, as |x| → +∞,
(Ph)
and the following assumptions are satisﬁed:
(a) a : (0,+∞) → (0,+∞) is continuous and a ∈ L1(0, t) for any t > 0.
(Q) Q (x) ∈ Lp′(x)(RN ) ∩ L1(RN ) is a positive, continuous, radially symmetric potential.
(h) h : [0,+∞) → R is a continuous, bounded function and h(0) = 0.
Due to (h), we may extend the function h continuously to the whole R , putting h(s) = 0 for all s 0.
Deﬁne
aˆ(t) =
t∫
0
a(s)ds, ∀t  0,
I(u) =
∫
RN
|∇u|p(x) + |u|p(x)
p(x)
dx, ∀u ∈ X,
J (u) = aˆ(I(u))= aˆ( ∫
RN
|∇u|p(x) + |u|p(x)
p(x)
dx
)
, ∀u ∈ X,
Φ(u) =
∫
RN
Q (x)H(u)dx, ∀u ∈ X,
Eh(u) = J (u) − Φ(u), ∀u ∈ X,
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Hölder inequality, one has∫
RN
Q (x)
∣∣H(u)∣∣dx Mh ∫
RN
Q (x)|u|dx 2Mh|Q |p′(x)|u|p(x), (3.1)
where Mh = sups∈R |h(s)|. Moreover, we have
Proposition 3.1. Let (a), (Q) and (h) hold. Then the following statements hold:
(1) aˆ ∈ C0[0,+∞) ∩ C1(0,+∞), aˆ(0) = 0, aˆ′(t) = a(t) > 0, for any t > 0, aˆ is strictly increasing on [0,+∞).
(2) J , Eh ∈ C0(X)∩ C1(X \ {0}), Φ ∈ C1(X), and J (0) = Φ(0) = Eh(0) = 0. For every u ∈ X \ {0} and v ∈ X, it holds that
E ′h(u)v = a
(
I(u)
) ∫
RN
(|∇u|p(x)−2∇u∇v + |u|p(x)−2uv)dx− ∫
RN
Q (x)h(u)v dx.
Thus u ∈ X \ {0} is a (weak) solution of (Ph) if and only if u is a nontrivial critical point of Eh.
(3) The functional J : X → R is sequentially weakly lower semi-continuous.
Proof. The proof of statements (1) and (2) is obvious. Since the function aˆ(t) is increasing and the functional I is se-
quentially weakly lower semi-continuous, we can easily see that the functional J : X → R is sequentially weakly lower
semi-continuous. 
Now, we denote by W 1,p(x)rad (R
N ) the radial functions in X , and let
Rh = Eh|W 1,p(x)rad (RN )
i.e., the restriction of Eh to W
1,p(x)
rad (R
N ). Finally, for given b > 0, we introduce
Wb = {u ∈ X: ‖u‖L∞  b} and Wbrad = Wb ∩ W 1,p(x)rad (RN).
Lemma 3.1. If there exists C > 0 such that∣∣p(x) − p(y)∣∣ C−log|x− y| , (3.2)
for every x, y ∈ RN , |x− y| 12 , then for every u ∈ W 1,p(x)rad (RN ), one has∣∣u(x)∣∣ c‖u‖|x| p+−Np+ a.e. x ∈ RN .
Proof. Under the condition (3.2), C∞0 (RN ) is dense in X (see [21]), so it is suﬃcient to consider u ∈ W 1,p(x)rad (RN )∩ C∞0 (RN ),
∣∣u(R) − u(r)∣∣= ∣∣∣∣∣
R∫
r
u′(s)ds
∣∣∣∣∣

R∫
r
∣∣u′(s)∣∣s N−1p+ · s 1−Np+ ds
 2
( R∫
r
∣∣u′(s)∣∣p+ sN−1 ds) 1p+ ( R∫
r
s
1−N
p+−1 ds
) p+−1
p+
 2
( ∫
B(0,R)\B(0,r)
|∇u|p+ dx
) 1
p+
(
p+ − 1
p+ − N
(
R
p+−N
p+−1 − r
p+−N
p+−1
)) p+−1p+
 c‖u‖W 1,p(x)(B(0,R)\B(0,r))
(
r
p+−N
p+−1 − R
p+−N
p+−1
) p+−1
p+
 c‖u‖(r p+−Np+−1 − R p+−Np+−1 ) p+−1p+ .
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The proof is complete. 
A main result of this section can be stated as follows:
Theorem 3.1. Assume that (a), (Q), (h), (3.2) and the following condition hold.
(a1) There are positive constants α < 1, M and C1 such that αp− > 1 and aˆ(t) C1tα for t  M.
Then, we have:
(i) The functional Rh is bounded from below on Wbrad and its inﬁmum is attained at uh ∈ Wbrad;
(ii) uh is a radially symmetric weak solution of problem (Ph);
(iii) uh(x) ∈ [0,b] for a.e. x ∈ RN .
Proof. (i) Actually, Rh is bounded below on the whole W
1,p(x)
rad (R
N ). Indeed, due to (3.1), for large u ∈ W 1,p(x)rad (RN ) we have
Rh(u) = J (u) − Φ(u)
= aˆ
( ∫
RN
|∇u|p(x) + |u|p(x)
p(x)
dx
)
−
∫
RN
Q (x)H(u)dx
 aˆ
(
C2‖u‖p−
)− 2Mh|Q |Lp′(x)(RN )‖u‖
 C3‖u‖αp− − 2Mh|Q |Lp′(x)(RN )‖u‖.
Since αp− > 1, thus the functional Rh(u) is coercive in W 1,p(x)rad (R
N ). Now, we prove that Rh attains its inﬁmum on Wbrad .
Note that Wbrad is convex and closed in W
1,p(x)
rad (R
N ), thus weakly closed. Due to the boundedness from below of Rh on Wbrad ,
it is enough to prove that Rh is sequentially weakly lower semi-continuous. The latter fact follows at once if we prove that
u → ∫RN Q (x)H(u)dx, u ∈ W 1,p(x)rad (RN ) is sequentially weakly continuous. We argue by contradiction; let {ui}i ⊂ W 1,p(x)rad (RN )
be a sequence which converges weakly to u ∈ W 1,p(x)rad (RN ) but, up to a subsequence, one can ﬁnd a number 
0 > 0 such
that
0< 
0 
∣∣∣∣∫
RN
Q (x)H(ui)dx−
∫
RN
Q (x)H(u)dx
∣∣∣∣ for all i ∈ N,
and ui converges strongly to u in Lq(x)(RN ), for p(x)  q(x)  p∗(x), ∀x ∈ RN . Using the mean value theorem and Hölder
inequality, from the above inequality we deduce that
0< 
0  Mh
∫
RN
Q (x)|ui − u|dx
 2Mh|Q |p′(x)|ui − u|p(x)
 2Mh|Q |p′(x)‖ui − u‖
 c1Mh|Q |p′(x)|ui − u|q(x),
but the right-hand side tends to 0 as i → ∞, contracting 
0 > 0. This proves (i); let uh ∈ Wbrad be a minimum point of Rh
over Wbrad .
(ii) If uh ≡ 0, then the conclusions (ii) and (iii) are clear. Without loss of generality we assume that uh ≡ 0 and divide
this part into two steps.
Step 1. E ′h(uh)(ω − uh) 0 for every ω ∈ Wb .
Its proof is similar to [22] which use a non-smooth symmetric critical principle for the Szulkin-type functional. Here we
give the sketch of proof. Standard argument shows that Wb is closed and convex in X . Let ξWb be the indicator function of
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continuous and proper (i.e., ≡ +∞), we may deﬁne the Szulkin-type functional T : X → R ∪ {+∞} by T = Eh + ξWb . Since
Wbrad = Wb ∩ W 1,p(x)rad (RN ), the restriction of ξWb to W 1,p(x)rad (RN ) is precisely the indicator function ξWbrad of the set W
b
rad .
Recall that uh is a local minimum point of Rh relative to Wbrad (see (i)), thus a local minimum point of the Szulkin-type
functional T˜ : W 1,p(x)rad (RN ) → R ∪ {+∞}, deﬁned by T˜ = Rh + ξWbrad . Due to the principle of symmetric criticality for Szulkin
functionals, uh is a critical point of T , i.e.
0 ∈ R ′h(uh) + ∂ξWbrad(uh) in
(
W 1,p(x)rad
(
RN
))∗
.
On the other hand, we introduce the action of the orthogonal group G = O (N) on X by
(gu)(x) = u(g−1x) for all g ∈ O (N), u ∈ X, x ∈ RN .
Clearly, this action is linear and continuous on X . Since the potential Q : RN → R is radial, one can easily check that
the functional Eh is O (N)-invariant. Moreover, due to the fact that the set Wb is O (N)-invariant, the functional ξWb is
O (N)-invariant as well. The set W 1,p(x)rad (R
N ) is exactly the subspace of O (N)-symmetric points of X . Thus, we obtain
0 ∈ R ′h(uh) + ∂ξWb (uh) in X∗.
So, for every ω ∈ Wb , we have
E ′h(uh)(ω − uh) + ξWb (ω) − ξWb (uh) 0
which implies our claim.
Step 2. uh is a radially symmetric weak solution of problem (Ph).
By Lemma 3.1, we have that uh(x) → 0 as |x| → ∞. Now we will prove that for all v ∈ X
a
(
I(uh)
) ∫
RN
(|∇uh|p(x)−2∇uh∇v + |uh|p(x)−2uhv)dx− ∫
RN
Q (x)h(uh)v dx = 0.
By Step 1, we have that for all ω ∈ Wb ,
a
(
I(uh)
) ∫
RN
(|∇uh|p(x)−2∇uh∇(ω − uh) + |uh|p(x)−2uh(ω − uh))dx− ∫
RN
Q (x)h(uh)(ω − uh)dx 0.
Let us deﬁne the function γ (s) = sgn(s)min(|s|,b), and ﬁx 
 > 0 and v ∈ X arbitrarily. Since γ is Lipschitz continuous and
γ (0) = 0, the element ωγ = γ ◦ (uh − 
v) belongs to X . The explicit expression of the truncation function ωγ is
ωγ (x) =
⎧⎨⎩
−b if x ∈ {uh + 
v < −b},
uh(x) + 
v(x) if x ∈ {−b uh + 
v  b},
b if x ∈ {uh + 
v > b},
thus ωγ ∈ Wb . Taking ω = ωγ as a test function in the previous inequality, we obtain
0−a(I(uh)) ∫
{uh+
v<−b}
(|∇uh|p(x) + |uh|p(x)−2uh(b + uh))dx
+
∫
{uh+
v<−b}
Q (x)h(uh)(b + uh)dx+ 
a
(
I(uh)
) ∫
{−buh+
vb}
(|∇uh|p(x)−2∇uh∇v + |uh|p(x)−2uhv)dx
− 

∫
{−buh+
vb}
Q (x)h(uh)v dx− a
(
I(uh)
) ∫
{uh+
v>b}
(|∇uh|p(x) − |uh|p(x)−2uh(b − uh))dx
−
∫
{uh+
v>b}
Q (x)h(uh)(b − uh)dx
 
a
(
I(uh)
) ∫
N
(|∇uh|p(x)−2∇uh∇v + |uh|p(x)−2uhv)dx− 
 ∫
N
Q (x)h(uh)v dxR R
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∫
{uh+
v<−b}
(b + uh + 
v)
(
Q (x)h(uh) − a
(
I(uh)
)|uh|p(x)−2uh)dx
+
∫
{b<uh+
v}
(−b + uh + 
v)
(
Q (x)h(uh) − a
(
I(uh)
)|uh|p(x)−2uh)dx
− 
a(I(uh)) ∫
{uh+
v<−b}
|∇uh|p(x)−2∇uh∇v dx− 
a
(
I(uh)
) ∫
{uh+
v>b}
|∇uh|p(x)−2∇uh∇v dx.
Moreover we have∫
{uh+
v<−b}
(b + uh + 
v)
(
Q (x)h(uh) − a
(
I(uh)
)|uh|p(x)−2uh)dx
−

∫
{uh+
v<−b}
(
Q (x)h(uh) + a
(
I(uh)
)|uh|p(x)−1)v dx,
∫
{b<uh+
v}
(−b + uh + 
v)
(
Q (x)h(uh) − a
(
I(uh)
)|uh|p(x)−2uh)dx
 

∫
{b<uh+
v}
(
Q (x)h(uh) + a
(
I(uh)
)|uh|p(x)−1)v dx.
Using the above estimates and dividing by 
 > 0, we obtain
0 a
(
I(uh)
) ∫
RN
(|∇uh|p(x)−2∇uh∇v + |uh|p(x)−2uhv)dx− ∫
RN
Q (x)h(uh)v dx
−
∫
{uh+
v<−b}
(
Q (x)h(uh) + a
(
I(uh)
)|uh|p(x)−1)v dx− ∫
{b<uh+
v}
(
Q (x)h(uh) + a
(
I(uh)
)|uh|p(x)−1)v dx
− a(I(uh)) ∫
{uh+
v<−b}
|∇uh|p(x)−2∇uh∇v dx− a
(
I(uh)
) ∫
{uh+
v>b}
|∇uh|p(x)−2∇uh∇v dx.
As |uh|L∞(RN )  b, so for a.e. x ∈ RN , −b  uh(x) b. Letting 
 → 0+ , we have
meas
({uh + 
v < −b})→ 0 and meas({b < uh + 
v})→ 0
respectively. So, the above inequality reduces to
0 a
(
I(uh)
) ∫
RN
(∣∣∇uh(x)∣∣p(x)−2∇uh∇v + ∣∣uh(x)∣∣p(x)−2uhv)dx− ∫
RN
Q (x)h(uh)v dx.
Using −v instead of v , we get the conclusion, i.e. uh is a radially symmetric weak solution of (Ph).
(iii) Deﬁne u+ =max{u,0} and u− = max{−u,0}. It is clear that u+ , u− ∈ X . From (ii), we have
a
(
I(uh)
) ∫
RN
(∣∣∇uh(x)∣∣p(x)−2∇uh∇u−h + ∣∣uh(x)∣∣p(x)−2uhu−h )dx− ∫
RN
Q (x)h(uh)u
−
h dx = 0,
i.e.
a
(
I(uh)
) ∫
RN
(∣∣∇u−h (x)∣∣p(x) + ∣∣u−h (x)∣∣p(x))dx = 0.
Since uh ≡ 0, we have a(I(uh)) > 0. So∫
RN
(∣∣∇u−h (x)∣∣p(x) + ∣∣u−h (x)∣∣p(x))dx = 0.
We get u− = 0 for a.e. x ∈ RN and 0 uh  b for a.e. x ∈ RN . The proof is complete. h
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( f1) f ∈ C[0,+∞) and f (0) = 0;
f oscillates near the origin or at inﬁnity,
( f 02 ) −∞ < lim inf
t→0+
F (t)
t p+
 limsup
t→0+
F (t)
t p−
= +∞,
( f ∞2 ) −∞ < lim inft→+∞
F (t)
t p−
 limsup
t→+∞
F (t)
t p+
= +∞,
where F (t) = ∫ t0 f (s)ds.
For all b > 0, assume that
fb =
{
f (t) if 0 t  b,
f (b) if t > b,
(3.3)
and
Fb(t) =
t∫
0
fb(s)ds,
then the functional
Kb(u) = aˆ
(
I(u)
)− ∫
RN
Q (x)Fb(u)dx
belongs to C1(X \ {0}).
Now we give the main theorems of this paper and their proofs. The ﬁrst result deals with the case f oscillates near the
origin.
Theorem 3.2. Let (a), (a1), (Q), ( f1), ( f 02 ), (3.2) and the following condition hold:
(a2) There exists α1  1 such that limsupt→0+ aˆ(t)tα1 < +∞.
Then problem (P0) possesses inﬁnitely many radially symmetric solutions {u0i }i which satisfy
lim
i→∞
∥∥u0i ∥∥L∞ = limi→∞∥∥u0i ∥∥= 0. (3.4)
Proof. Fix the positive sequence {bi}i such that limi→∞ bi = 0 and for all i ∈ N ,
bi+1 < bi < 1,
and deﬁne the truncation function f i : [0,+∞) → R by
f i(s) = f
(
min(s,bi)
)
, (3.5)
and
Ki(u) = aˆ
(
I(u)
)− ∫
RN
Q (x)Fi(u)dx,
where Fi(t) =
∫ t
0 f i(s)ds. By ( f1): f (0) = 0, so we may extend continuously the function f i to R , taking 0 for (−∞,0). By
Theorem 3.1, Ki has a radially symmetric weak solution u0i ∈ X such that
u0i ∈ [0,bi] for a.e. x ∈ RN . (3.6)
Now we prove
Ki
(
u0i
)
< 0 for all i ∈ N,
lim Ki
(
u0i
)= 0.i→∞
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ωs(x) =
⎧⎪⎪⎨⎪⎪⎩
0 if x ∈ RN \ Bρ,
s if x ∈ B ρ
2
,
2s
ρ (ρ − |x|) if x ∈ Bρ \ B ρ2 .
(3.7)
It is clear that ωs ∈ W 1,p(x)rad (RN ) and if 0< 2s < 1∫
RN
(|∇ωs|p(x) + |ωs|p(x))dx K (ρ)sp− ,
where K (ρ) = ( 1
2N
+ 2p−
ρp
− + 2p− )ρNωN and ωN is the volume of the unit ball in RN .
The left side of ( f 02 ) implies that there exist l0 > 0 and δ ∈ (0,b1) such that
F (s)−l0sp+ for all s ∈ (0, δ).
The right side of ( f 02 ) implies there is a sequence {s˜i}i ⊂ (0, δ) such that s˜i  bi and F (s˜i) > L0 s˜p
−
i for all i ∈ N . Let i ∈ N
be ﬁxed and ωs˜i ∈ W 1,p(x)rad (RN ) be the function from (3.7) corresponding to the value s˜i > 0. Then ωs˜i ∈ Wbirad if i is large
enough. By condition (a2), we have
Ki(ωs˜i ) = aˆ
(
I(ωs˜i )
)− ∫
RN
Q (x)Fi(ωs˜i )dx
 c1
(
I(ωs˜i )
)α1 − ∫
B ρ
2
Q (x)Fi(s˜i)dx−
∫
Bρ\B ρ
2
Q (x)Fi(ωs˜i )dx
 c1
(
K (ρ)s˜p
−
i
)α1 +max
B ρ
2
Q (x)l0
(
ρ
2
)N
ωN s˜
p+
i − L0 minB ρ
2
Q (x)
(
ρ
2
)N
ωN s˜
p−
i

(
c1
(
K (ρ)
)α1 +max
B ρ
2
Q (x)l0
(
ρ
2
)N
ωN − L0 min
B ρ
2
Q (x)
(
ρ
2
)N
ωN
)
s˜p
−
i .
Let L0 be large enough such that
c1
(
K (ρ)
)α1 +max
B ρ
2
Q (x)l0
(
ρ
2
)N
ωN < L0 min
B ρ
2
Q (x)
(
ρ
2
)N
ωN . (3.8)
So, by (3.8) we have
Ki
(
u0i
)= min
W
bi
rad
Ki  Ki(ωs˜i ) < 0. (3.9)
Now we prove
lim
i→∞ Ki
(
u0i
)= 0. (3.10)
By the condition (Q) and (3.9), for any i ∈ N ,
Ki
(
u0i
)
> −
∫
RN
Q (x)Fi
(
u0i
)
dx
− max
0s1
| f ||Q |L1bi .
Since limn→∞ bi = 0, so the conclusion holds.
By (3.5) and (3.6), we know
Ki
(
u0
)= K1(u0)= K (u0) for all i ∈ N.i i i
736 C. Ji / J. Math. Anal. Appl. 388 (2012) 727–738Moreover by (3.6), we have ‖u0i ‖L∞  bi for all i ∈ N , so the ﬁrst limit holds. Combining above relation with (3.10), we
know that there are inﬁnitely many distinct elements in the sequence {u0i }i which are the inﬁnitely many distinct radially
symmetric weak solutions of problem (P0).
For the second limit, by (3.5), (3.6) and (3.9), we have
aˆ
(
I
(
u0i
))
 max
0s1
| f ||Q |L1bi .
Since bi → 0 as i → ∞ and Proposition 3.1(1), we have I(u0i ) → 0, that is ‖u0i ‖ → 0 as i → ∞. The proof is complete. 
The following result deal with the case f oscillates at the inﬁnity.
Theorem 3.3. Let (a), (a1), (Q), ( f1), ( f ∞2 ), (3.2) and the following condition hold:
(a3) There exists α2  1 such that limsupt→+∞ aˆ(t)tα2 < +∞.
Then problem (P0) possesses inﬁnitely many radial solutions {u∞i }i which satisfy
lim
i→∞
∥∥u∞i ∥∥L∞ = ∞. (3.11)
Proof. We ﬁx the positive sequence {bi}i such that limi→∞ bi = ∞ and for all i ∈ N ,
1< bi < bi+1,
and deﬁne the truncation function f i : [0,+∞) → R by
f i(s) = f
(
min(s,bi)
)
, (3.12)
and
Ki(u) = aˆ
(
I(u)
)− ∫
RN
Q (x)Fi(u)dx,
where Fi(t) =
∫ t
0 f i(s)ds. By ( f1): f (0) = 0, so we may extend continuously the function f i to R , taking 0 for (−∞,0). By
Theorem 3.1, Ki has a radial symmetric weak solution u∞i ∈ W 1,p(x)rad (RN ) such that
u∞i ∈ [0,bi] for a.e. x ∈ RN , (3.13)
u∞i is the inﬁmum of the functional Ri on W
bi
rad. (3.14)
Now we prove
lim
i→∞
Ki
(
u∞i
)= −∞. (3.15)
Fix ρ > 1, for any s > 1 we introduce the function ωs(x) as the same (3.7).
It is clear that ωs ∈ W 1,p(x)rad (RN ) and∫
RN
(|∇ωs|p(x) + |ωs|p(x))dx K1(ρ)sp+ ,
where K1(ρ) = ( 12N + 2
p+
ρp
− + 1)ρNωN and ωN is volume of unit ball in RN .
The left side of ( f ∞2 ) implies there exist l∞ > 0 and δ > 0 such that
F (s)−l∞sp− for all s > δ.
The right side of ( f ∞2 ) implies there is a sequence {s˜i}i and limi→∞ s˜i = ∞ such that F (s˜i) > L∞ s˜p
−
i for all i ∈ N . Let
i ∈ N be ﬁxed and ωs˜i ∈ W 1,p(x)rad (RN ) be the function from (3.7) corresponding to the value s˜i > 0. Then ωs˜i ∈ Wbirad . If i is
large enough, by condition (a3), we have
C. Ji / J. Math. Anal. Appl. 388 (2012) 727–738 737Ki(ωs˜i ) = aˆ
(
I(ωs˜i )
)− ∫
RN
Q (x)Fi(ωs˜i )dx
 c2
( ∫
RN
(|∇ωs˜i |p(x) + |ωs˜i |p(x))dx)a2 − ∫
B ρ
2
Q (x)Fi(s˜i)dx
−
∫
(Bρ\B ρ
2
)∩{ωs˜i>δ}
Q (x)Fi(ωs˜i )dx−
∫
(Bρ\B ρ
2
)∩{ωs˜iδ}
Q (x)Fi(ωs˜i )dx

(
c2
(
K1(ρ)
)α2 + l∞K1(ρ)|Q |L1 − L∞(ρ2
)N
ωN min
ρ
2
Q
)
s˜p
+
i .
Let L∞ be large enough such that
c2
(
K1(ρ)
)α2 + l∞K1(ρ)|Q |L1 < L∞(ρ2
)N
ωN min
ρ
2
Q . (3.16)
Using the fact that limi→∞ s˜i = ∞ and (3.16), we have that limi→∞ Ri(ωs˜i ) = −∞, but Ri(u∞i ) Ri(ωs˜i ) for all i ∈ N , which
implies conclusion.
Now we assume there are only ﬁnitely many distinct elements in the sequence {u∞i }i , i.e. {u∞1 , . . . ,u∞i0 } for some i0 ∈ N .
So the sequence {Ki(u∞i )}i reduces mostly to the ﬁnite set {Ki0(u∞1 ), . . . , Ki0(u∞i0 )} which contradicts relation (3.15).
It remains to prove (3.11). Assume there exists a subsequence {u∞ki }i of {u∞i }i such that for all i ∈ N , we have
‖u∞ki ‖L∞  M , for M > 0. In particular, {u∞ki }i ⊂ W
bl
rad for some l ∈ N . Thus for every ki  l, we have
Rl
(
u∞l
)= min
W
bl
rad
Rl = min
W
bl
rad
Rki
 min
W
bki
rad
Rki = Rki
(
u∞ki
)
min
W
bl
rad
Rki
= Rl
(
u∞l
)
.
As a consequence,
Rki
(
u∞ki
)= Rl(u∞l ) for all i ∈ N. (3.17)
Moreover the sequence {Ri(u∞i )}i is non-increasing. By (3.12) and (3.14), for all i ∈ N , we have
Ri+1
(
u∞i+1
)= min
W
bi+1
rad
Ri+1 min
W
bi
rad
Ri+1 = min
W
bi
rad
Ri = Ri
(
u∞i
)
. (3.18)
Combining this latter fact with (3.17), one can ﬁnd a number i0 ∈ N such that Ri(u∞i ) = Rl(u∞l ) for all i  i0, this is a
contraction with (3.15). The proof is complete. 
4. Further questions
1. Let us consider the perturbed problem⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
a
( ∫
RN
|∇u|p(x) + |u|p(x)
p(x)
dx
)(−p(x)u + |u|p(x)−2u)= Q (x)( f (u)+ 
g(u)),
u  0, x ∈ RN ,
u(x) → 0, as |x| → +∞,
(P
 )
g : [0,+∞) → R is a continuous function with g(0) = 0. We claim that for every k ∈ N , there exists 
k > 0 such that for
every 
 ∈ [−
k, 
k], problem (P
) has at least k distinct solutions whenever assumptions of Theorem 3.2 or Theorem 3.3 are
satisﬁed. Note that no further assumption on g is required, only its continuity.
2. Let us assume that in problem (P0) the nonlinear term oscillates near a number η ∈ (0,+∞) in the same way as in
our main results. Two questions arise:
738 C. Ji / J. Math. Anal. Appl. 388 (2012) 727–738(a) Is it possible to prove the existence of a sequence {uηi }i ⊂ W 1,p(x)r (RN ) of distinct weak solutions for problem (P
)?
(b) If the answer to (a) is aﬃrmative, are there any constants c3, c4 > 0 and γ , β > 0 such that
c3η
γ 
∥∥uηi ∥∥ c4ηβ and cc3ηγ  ∥∥uηi ∥∥L∞  c4ηβ for all k ∈ N?
This part would replace relations (3.4) and (3.11), respectively.
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